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K*" ■ Abstract 

o 

CS| ' A Lie algebra integrates to a Lie group. In this paper, we find a "group-like" 

On . integration object for an exact Courant algebroid. The idea is that we first view an exact 

Courant algebroid as an extension of the tangent bundle by its coadjoint representation 
CO . (up to homotopy), then we perform the integration by the usual method of integration 

' of an extension. 
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1 Introduction 

Recently, many efforts have been made to integrate Courant algebroids, that is, to find a 
global objeclll] associated to a Courant algebroid. Perhaps one reason for the interest in such 
objects is that the standard Courant algebroid serves as the generalized tangent bundle of 
a generalized complex manifold in the sense of Hitchin and Gualtieri |Hit031 IGua| . Thus 
the integration will help to understand the global symmetry of such manifolds. 

Courant algebroids (see Section 12. Sp were first introduced in |LWX97| to study doubles 
of Lie bialgebroids. An equivalent definition via graded manifolds was given by Roytenberg 
in [Roy I . Then [RW9 8] discovered the relationship between Courant algebroids and Loo- 
algebras, which was an indication of the higher structures behind Courant algebroids. Here 
we briefly recall that an exact Courant algebroid TM ®T*M with Severa class [-?/], where 
H £ 0^(M), has antisymmetric bracket 

lX + ^,Y + r]}^ [X, Y] + Lxv - Lyi + \d{^{Y) - v{X)) + ixayH. (1) 

When H = 0, this defines a standard Courant algebroid. However, the bracket [•, •]] does not 
satisfy the Jacobi identity, and this is the major obstruction to finding "group- like objects 
which integrate these not-quite-Lie algebras" (as stated in [KWOlj . which is perhaps the 
first paper to explore the integration of Courant brackets). 

Mehta and Tang [MTj apply the Artin-Mazur construction to Mackenzie's symplectic 
double groupoid and obtain a symplectic Lie 2-groupoid corresponding to the standard 
Courant algebroid (namely the one with trivial Severa class); Li-Bland and Severa |LBS] . 
on the other hand, start with a local symplectic Lie 2-groupoid, and rigorously verify 



via Severa's differentiation of higher Lie groupoids [Seva] that this local symplectic Lie 



2-groupoid differentiates to an exact Courant algebroid (possibly with a non-trivial Severa 
class). In fact, |MTj focuses more on the authors' procedure to pass from double groupoids 
to 2-groupoids and contains examples other than the integration of the standard Courant 
algebroid. The Lie 2-groupoids in these two papers are fundamentally the same. However, 
the symplectic forms are different. Thus the uniqueness of symplectic forms is in a certain 
sense, an open question. 

In this paper, we use another method to do integration: we realize an exact Courant 
algebroid as an extension of the Lie algebroid TM by its representation up to homotop}jl 
T*M ^ T*M with an extension class [(02,03)] G H'^{TM,T*M ^ T*M) expressed by 
the Severa class, 

— > {T*M ^ T*M) — > Courant algebroid — > TM — > 0. 



^For example, a global object corresponds to a Lie algebra is a Lie group. 

^The concept of representation up to homotopy of a Lie algebroid is an extension of Lada-Markl's Loo- 
modules to the context of Lie algebroids LM95] . It has been developed recently by Abad and Crainic 
[ACb] . 
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However since H'^{TM,T*M ^ T*M) = 0, the extension is always trivial regardless of 
the Severa class. Thus an exact Courant algebroid is always isomorphic to the standard 
Courant algebroid a s an N Q manifold even if the Severa class is non-zero. This isomorphism 
is also observed in [LBSl Prop. 2]; however, as observed there, it does not preserve the 
symplectic structure. 

Then we perform the integration of the extension and obtain a Lie 2-groupoid, which 
is again always (regardless of the Severa class) isomorphic to the following Lie 2-groupoid 



ni(M)x2 xmxs (r*M)x3^^ni(M) xmT*M: 



(2) 




where ILi{M) = M x M/-ki{M) is the fundamental groupoid of M with M t he simply 



connected cover of M. This Lie 2-groupoid is the same (locally) as in [MTl ILBS . Thus, in 



short, all of the three papers give the same integration. However we emphasis here that there 
are several equivalent viewpoints towards 2-groupoids (see Section [5T2|) . While the other 
two papers take the viewpoint of Kan complexes, we take the viewpoint of categorification 
of groupoid a la Baez, for our convenience. 

We must mention that in this paper we do not perform rigorous differentiation partially 
because this is the merit of [lbs] (only in Remark 15.51 we sketch a possible differentiation 
method), and we do not deal with the symplectic form. Integrating the symplectic form 
systematically involves integrating morphisms of higher NQ manifolds, which we do not deal 
here. Thus, for the purpose of integrating Courant algebroids, this paper can be viewed 



more as an explanation of the origin of the Lie 2-groupoid in [LBSj. Moreover, [GSMlOj 
implies a possible direct link between our paper and |MT ]. 



On the other hand, there are also some valuable byproducts achieved in this paper: 
We classify the 2-term abelian extensions of a Lie algebroid A by H'^{A,£) where £ is 
a 2-term representation up to homotopy of A (Thm. 14.70 . Moreover, we hope that this 
viewpoint via representations up to homotopy can be helpful in the case of a more general 
Courant algebroid coming from a Lie bialgebroid. Finally, we also bring the concept of 
a split Lie n-algebroid onto the surface (Def. 12. 2p . Courant algebroids can be described 
using differential geometry language as in |LWX97J . However, the method of NQ manifolds 
perhaps reflects more the nature of Courant algebroids, though it often involves calculations 
in local coordinates. The language of split Lie n-algebroids provides a way to study NQ 
manifolds within the differential geometry framework. Thus we hope it can be a useful tool 
for differential geometers in general to study problems related to NQ manifolds. 

In fact, this paper is the third of a series of papers with the aim of integrating Courant 
algebroids via representations up to homotopy. The basic observation is to view the Courant 
bracket as an extension of a Lie bracket, not however via a usual representation, but via 
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a representation up to homotopy. In |SZbj . we realize the standard Courant bracket (with 
trivial Severa class) as a semidirect product of the Lie bracket of vector fields and its 
representation up to homotopy on the complex C°°(M) J7^(M). We also provide several 
finite dimensional examples of such semidirect product coming from omni-Lie algebras 
and string Lie 2-algebras. In |SZaj . we integrate such semidirect products in the finite 
dimensional case. For a long time, we were lost on how to descend from our construction 
at the level of sections to the Courant algebroid itself, namely, how to realize the Courant 
bracket as the semidirect product of the Lie algebroid TM and its coadjoint representation 
up to homotopy T*M ^ T*M. We must point out that after talking to David Li-Bland, 
we were convinced that there should be a similar construction on the vector bundle level; 
however, the formula we have in j SZb J is clearly neither C°°(-/Vf)-linear nor a derivation, so 
we are not able to push the formula down to the level of vector bundles. 

Finally, we realized that our confusion comes from the fact that there are two different 
ways to view NQ manifolds. The concept of N- manifold was introduced by Severa in 



Sev05 ] and appeared informally even earlier in his letter to Weinstein [Sevb] . They are 



non-negatively graded manifolds ("N" stands for non- negative) . Then an NQ-manifold is 
a non-negatively graded manifold M together with a degree 1 vector field Q satisfying 
[Q, Q] = 0. A degree 1 NQ-manifold is a Lie algebroid. We recall the procedure: a degree 
1 non-negative graded manifold can be modeled by a vector bundle with shifted degree 
A[l] —?■ M. The function ring of A\i] is the graded algebra 

C{A[l]) = C^{M) e T{A*) e T{K^A*) e • • • (3) 

A degree 1 vector field Q is a degree 1 differential of this algebra. Equivalently, this means 
that we have a vector bundle morphism (called the anchor later on) : A ^ TM and a 
Lie bracket [•, -U on T{A) such that Q = dA, where dA : r(A"^*) r(A"+M*) is defined 
as the generalized de Rham differential 

dAioiXo, . . . , x„) = J2i'^y+'m^, x,u, ...,x,,...,x„...) + j2i-^ypA{x.){a- ■■,x., ■■■))■ (4) 

The equation [Q, Q] = is then equivalent to the condition we require for {A, pA, [•, •]a) to 
be a Lie algebroid, that is, [[X, Y]a, Z]a + c.p. = and [X, fY]A = f[X, Y]a + pA{X){f)Y 
for any X,Y, Z € T{A) and / G C°°{M). However, there is another method to recover the 
Lie bracket on A: T{A) can be viewed as the space of degree —1 vector fields on ^[1]. Then a 
degree 1 homological vector field Q on A[l] gives us a derived bracket [X, Y]a ■= [[Q, X],Y], 
which is exactly the Lie algebroid bracket on A corresponding to Q given above. 

However, when we try to do the same for Lie n-algebroid for n > 2, we encounter a 
different story. First of all, to model a degree n non-negative graded manifold on a graded 
vector bundle requires an unnatural choice of connection (even though it is always possible). 
It is comparable to the fact that to single out a composition of 1-cells of a Lie n-groupoid 
X, modeled using a Kan simplicial manifold requires an unnatural choice of a section from 
the horn space Xi Xxq Xi to X2 (in this case it is not always possibl^. However, there are 
still some circumstances in which a graded vector bundle arise naturally (namely a preferred 
connection is chosen somehow) to hold the structure of an NQ manifold. For example, a 



^However it is always possible locally which explains the existence of the choice in the infinitesimal case. 
(Private conversation with Dimitry Roytenberg.) 
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representation up to homotopy £n of a Lie algebroid A naturally give rises to such a graded 
vector bundle and there should be an NQ manifold structure on the semidirect product 
A K En (see Lemma l3.ip . For this reason we still consider that our degree n N-manifold 
comes from a graded vector bundle A = Aq® A-i © • • • © A^n+i-, then, similarly to ([3]), the 
function ring is the graded commutative algebra, 



C{A[l])=C^{M)® T{Al) © T{^^A*_^)®T{A*_^ 

© \T{^^Al) © T{Al) (g) r(^ii) © r{A*_2) 



(5) 



where A'^- has degree i + 1 and C°°{M) lies in degree 0. Then a homological degree 1 
vector field Q gives us an anchor p and various brackets li for i = 1, . . . ,n + 1 (see Def. 
I2.2|) . We call such an object a split Lie n-algebroid. It turns out that if we begin with a 
degree 2 NQ manifold-for example r*[2]r[l]M, the one corresponding to an exact Courant 
algebroid (see Section r2.3p . then the Courant bracket arises as the derived bracket; however 
the derived bracket is different from I2 no matter how we choose the splitting. This picture, 
which is different from the degree-1 case, clarifies our confusion: what we should obtain 
from semidirect product construction is I2, but not the Courant bracket, even though they 
are equivalent in a certain sense. 

Notations: Throughout the paper, we use £ to denote the 2-term complex of vector 
bundles d : E^i — > Eq and E, is the corresponding abelian Lie 2-groupoid (Example 15. Sp . 
{A, [■, ■]a,Pa) is a Lie algebroid and (Ia is the corresponding differential defined in We 
use Q to denote a Lie groupoid Gi ^ Gq and S to denote the Lie groupoid G2 =1 Gi in a 
semistrict Lie 2-groupoid G2 ^ Gi ^ Gq. d is the usual de Rham differential. We use Id 
to denote the identity map of vector bundles and idM{resp. idco) is the identity map on 
the manifold M{resp. Gq). 

Acknowledgement: We give our warmest thanks to David Li-Bland, Zhang-Ju Liu, Rajan 
Mehta, Weiwei Pan, Dimitry Roytenberg, Pavol Severa, Xiang Tang, and Marco Zambon 
for very helpful discussions. The second author thanks the invitation of the organizers to 
the conference "Higher structures in mathematics and physics" in Ziirich where this work 
was initiated. She also thanks Prof. Zhang-Ju Liu for his invitation to BICMR where much 
of the progress on this work was made. 



2 Preliminaries 

In this section we recall important concepts that we will use in our paper. 



2.1 NQ manifolds and Lie n-algebroids 

Recall that an NQ-manifold is a non-negatively graded manifold Ai together with a degree 
1 vector field Q satisfying [(5,(5] = 0, i.e. a linear operator Q on G°^{M.) that raises the 
degree by one and satisfying (5^ = and 

Qifg) = QU)9 + (-i)i^i/Q(5), V /,5 G c°-[M). 

It is well known that a degree 1 NQ manifold is a Lie algebroid, thus we are attempt to 
give the following definition. 
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Definition 2.1 A Lie n-algebroid is an NQ-manifoM of degree n. 

Some effort towards this direction is made in [Vor] . Here we want to focus specifically on 
split NQ manifolds since it turns out that semidirect products, and furthermore, extensions 
of Lie algebroids by their representations up to homotopy, provide some natural examples 
of these split NQ manifolds. 

Recall that a split degree n N-manifold ^ is a non-negatively graded vector bundle 
Aq © A-i © A-2 ® • • • A^n+i over the same base M, with the function ring in ([5]). Then 
C{A) should be viewed as the Chevalley-Eilenberg complex of a certain higher algebroid 
structure on A with brackets liS and anchor p : Aq ^ TM such that a degree 1 derivation 
Q can be expressed by 

Q{f)=P*{df), yfeC°^{M), 
Qi^i){xo Ayo A zq) ={^i,l3{xo,yo,zo)), (6) 

Q{^l){xo AXi) ={^l,l2ixo,Xi)) + p{xo){Cl,Xi), 
(3(ei)(x2)=(6,/l(x2)), 

with G T{A-i), and Xi,yi G Ai. As in the case of Loo-algebras, {C{A),Q) being a 
differential graded commutative algebra, namely = 0, is equivalent to all the axioms 
that li and p should satisfy. Finally, we summarize this equivalent viewpoint of a split NQ 
manifold with the following definition: 

Definition 2.2 (split Lie n-algebroid) A split Lie n-algebroid is a graded vector bundle 
A = Ao©j4_i©- • -(BA^n+i over a manifold M equipped with a bundle map p : Aq — > TM 
(called the anchor), and n + 1 many brackets li : r(A*^) — > r(-4) with degree 2 — i for 
1 < i < n + 1, such that 

1. 

^ (_l)»0-i)^sgn(a)Ksgn(a);j(/i(x^(i),--- , 3:^(^+1) ,•• • = 0, 

i+j=k+l a 

(7) 

where the summation is taken over all {i,k — i)-unshuffles with i >1 and "Ksgn{a)" 
is the Koszul sign for a permutation a S^, i-c. 

xi A X2 A • • • A Xfc = Ksgn(<T)x^(i) A x„(2) A • • • A x^(fc). 

2. I2 satisfies the Leibniz rule with respect to p: 

hixo, fx) = fl2{xo,x) + p{xo)if)x, V xo e r(ylo), / G C°°(M), x G r(^). 

3. For i^2, k 's are C^iM) -linear. 

Remark 2.3 It is clear that the brackets li makes the space of smooth sections T{Aq) © 
r(A_i) © • • • ©r(^_„+i) of a Lie n-algebroid A into a (infinite dimensional) Lien-algebra. 
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In this paper, we will use both viewpoints-the one using various brackets and the anchor 
map, and the one using NQ manifolds~to refer to a Lie n-algebroid. 

Definition 2.4 A Lie 2-algebroid morphism (isomorphism) A ^ A' is a graded vector 
bundle morphism f from 

^0 © [ A^O © ^l] © [ ^0 © ^0 O © ^-2] © • • • 

to 

A'q e [ ylo © ^1] © [ A^ ^0 © ^0 ® A'-l © ^-2] © • • • 
such that the induced map f* : C{A') C{A) is a morphism (isomorphism) of NQ mani- 
fold. 

Remark 2.5 First of all, when n = 1 this coincides with the usual definition of Lie alge- 
hroid morphism (see e.g. jMacOSf ) in terms of vector bundles, anchors and brackets, which 
is not as easy as one might think. Thus, we do not expect it to be easy to express a mor- 
phism of Lie n-algebroids in terms of vector bundles, anchors and brackets. However, in 
the case when the A and A' share the same base and the base morphism is an isomorphism, 
a graded vector bundle morphism f is a Lie n-algebroid morphism if and only if f preserves 
the anchors and f induces an L^o-morphisms on the sections of A and A' . Notice that this 
imply that f preserves the brackets only in an L^o- fashion, for example when n = 2, we 
have 

foih{xo,yo)) -l2(.fo(.xo),fo{yo)) = l[{f2ixo,yo)), (8) 
fi{l2{xo,xi)) -l'2{fo{xo),fiixi)) = f2{xo,hixi)), (9) 

and 

I'sifoixo), foivo), fo{zo)) - fiik{xo,yo,zo)) 
= l2{f 2{xo, yo), fo{zo)) + f2{l2{xo,yo),zo) + c.p.. (10) 

However, the converse is true, that is, if f preserves the bracket strictly then f induces 
an Loo-morphisms on the sections of A and A' . In this case, we shall call f a strict 
morphism. // a Lie n-algebroid morphism f induces an isomorphism on the underlying 
graded vector bundle of A and A', then it is an isomorphism. 

Example 2.6 It is clear that a Lie algebroid A can be viewed as a split Lie n-algebroid 
with Aq = A, all the other Ai = 0, the same anchor and I2, and all the other higher brackets 
equals to 0. In fact, any Lie n-algebroid A can be viewed as a Lie (n + l)-algebroid in this 
way. That is, ^ is a Lie (n + l)-algebroid with An+i = 0, ln+2 = 0, and all the rest kept 
the same. 

Example 2.7 Given a complex of vector bundles £n '■ £'_(n-i) E~{n-2) Eq, 
it can be viewed as a Lie n-algebroid with li = d, any remaining bracket /j = 0, and the 
anchor p = 0. We call such a Lie n-algebroid an abelian Lie n-algebroid. There are similar 
constructions on the groupoid level as we point out in the case when n = 2 in Example 15.31 
The integration and differentiation between these abelian highe r algebroids and groupoids 



are given by Dold-Kan correspondence (see for example, |LBS| Example 7] for a detailed 
explanation in this direction). 
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2.2 Representation up to homotopy of a Lie algebroid 

Consider a graded vector bundle £n of degree n: 

£n '■ -E_(n-1) ® -E_(n-2) © • • • © -^0- 

Its dual £"^[1] with degree shifted by 1 is 

£l[l] : © ^* 1 © • • • © ^* (n-i)' withdeg(S* J = i + 1. 

Definition 2.8 |ACb| A representation up to homotopy of a Lie algebroid A consists of a 
graded vector bundle £"„ over M and an operator, called the structure operator, 

D:VL{A,£n)^n{A,£n) 

which increases the total degree by one and satisfies = and the graded derivation rule: 

D{uT]) = {dAUj)'n+{-lfujD{r]), V (J G J7*^(^),7? G J1(A,<?). (11) 

We denote a representation up to homotopy of A by {£n, D). Intuitively, a representation up 
to homotopy is a complex endowed with an yl-connection which is "flat up to homotopy". 
It is the Lie algebroid version of Lada-Markl's Loo-modules |LM95) . 

Proposition 2.9 [SCb] There is a one-to-one correspondence between representation up 
to homotopy {£n,D) of A and graded vector bundles £n over M endowed with 

1. A degree 1 operator d on £n making {£n,d) a complex; 

2. An A-connection V on {£n,d); 

3. An'End{£n) valued 2-form uj2 of total degree 1, i.e. uj2 S f^^(^, Eiid~^(£'n)) satisfying 

duj2 + i?v = 0, (12) 

where Rsj is the curvature of V . 

4. For eachi > 2 an 'End{£n) -valued i-form uji of total degree 1, i.e. uji G rj*(^, End^~*(£'„)) 
satisfying 

doJi + ds/OJi +0J2° OJi-2 -I 1- Wi_2 O 0^2 = 0. 

The correspondence is characterized by 

D{rj) = drj + d^/rj -^uj2orj-^ijj^or]-\ . 

We also write 

D = d + d^j + oj2 + -- - ■ 

We can take the dual of a representation up to homotopy {£n,D). Consider the dual 
£*[l], where the degree of i^* is -z+1. Then there is an operator D* : Q{A, £*) — > Q,(A, £*) 
uniquely determined by the condition 

dA(r/Ar?') = ^*(??) Ar/'+(-l)l'?l+i7?AZ)(??'), V r? G f)(A ^:), r?' G f^(A ^n), (13) 
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where A is the operation Q{A, £*) ® ^(A, <f„) — > Q.{A) induced by the pairing between 5* 
and £n- Then (£"*, D*) is a representation up to homotopy of A. In term of components of 
D,ii D = d + V + J2i>2 tlien we find that D* = d* + V* + Y.i>2 where V* is the 
connection dual to V and, 

d*iik = -(-i)V°5, 

for any r/^ G E^, and Xi, - ■ ■ , Xp G r(^). For two representations up to homotopy, {£n,D^") 
and {J-m, D-^"') of vl, one can also take their tensor product. Consider the operator D 
corresponding to £n (8> Tm, which is uniquely determined by the condition 

Z)(r/iAr?2)=I?^"(r/i)A??2 + (-l)l''^l AZ)-^™(r?2), V r?i G 772 G -^m)- (14) 

Then ® J^rmD) is a representation up to homotopy of A. In term of components, if 
D^" = 5^"+V'^"+^.>2wf" andD-^'" = (9-^™+V-^'"+X]i>2 wf"", then D = d+S/+J2i>2^i^ 
where 

1. 9 is the tensor product of d^" and c?-^™: 

(g) w) = 9^"n (g) t; + (g) c?-^"!', y u e £n,V € Tm- 

2. V is the tensor product of V^" and V-^™: 

Vx{n®v) = V^£u®v + {-l)\''\u®W^"'v, V X G r(A),u G T{£n),v G r(7'^). 

3. bjp = Lo^'^ (g) Id + Id (g w^-" . 

Similarly, one can make the exterior algebra A(£^*[l]) a representation up to homotopy 
with an operator D, which is a derivation satisfying = 0, on the algebra Q{A,A{£*)) = 
r(A(^*)) (g r(A(£'*)). Note that D is uniquely obtained from D* by derivation extension. 

2.3 Courant algebroids 

A Courant algebroid is a vector bundle E — > M equipped with a nondegenerate symmetric 
bilinear form (•, •) on the bundle, an antisymmetric bracket •] on the section space T{E) 
and a bundle map p : E — > TM such that a set of axioms are satisfied. A Courant 
algebroid is equivalent to a Lie 2-algebroid with a "degree-2 symplectic form" as proved in 
iRoy02j. 

We pay special attention to the exact Courant algebroid (T = TM(BT*M, (•, •) , [•, •] , p) 
associated to a manifold M with Severa class [H] with H G il'^(M). Here the anchor 
p : T — > TM is the projection. The canonical pairing (•, •) is given by 

(X + C,y + 7?) = ^(e(r)+r/(X)), VX,y GX(M), e,r/Gf]HM). (15) 

The antisymmetric bracket [•,•]] is given by 

[X + r + r?I ^ [X, Y\ + Lxr? - Lyi + \d{i{Y) - rj{X)) + ixAvH. (16) 
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It is not a Lie bracket, but we have 

[[[ei,e2l ,63] +c.p. = (iT(ei,e2,e3), V ei, 62, 63 G r(T), (17) 
where T{ei, 62,63) is given by 

r(ei,e2,e3) = ^(([ei, 62] , 63) + c.p.)- (18) 

In this case, as shown in |Roy02| , the corresponding Lie 2-algebroid is T*[2]T[1]M with the 
canonical symplectic form dpi A dq'^ + d^* A d6i of a cotangent bundle and the homological 
vector field 

the Hamiltonian vector field of — \(l)ijka'^ i'' ■ The 3-form H = ^(/'ijkCS,'' ■ Here 
we must explain the local coordinates: g*'s are coordinates on M; ^* = dq^ are cotangent 
vectors, thus coordinates on the fibre of T[1]M; then Vi = a-nd 6i = are coordinates 
on the cotangent fibre. Then {q^,CjPij^i) a-^e of degree 0, 1,2, 1 respectively. 

3 Semidirect products for representations up to homotopy 

Lemma 3.1 Given a Lie algebroid A and a graded vector bundle 8n = E^n+i ® • • • © Eq, 
let D he a representation up to homotopy of A on the exterior algebra A(£^*[l]). Then 
the graded vector bundle A ® 8n with A of degree is an NQ-manifold of degree n with 
homological vector field D, thus a split Lie n-algebroid. 

Proof. A representation up to homotopy of A on the exterior algebra A(£^*[l]) is a degree 
1 operator D on 

n{A,Ai£:m = r(A(^*[i])) © r(A(^:[i])) = r(A(A © ^„)*[i]) = ciA © s^). 

Then D serves as the degree 1 homological vector field. This makes A(B£ an NQ-manifold 
of degree n. ■ 

Now we make the 2-term case more explicit. Given a graded vector bundle £ = E^i(BEq, 
a 2-term representation {£,D) of A is determined by |ACbl Remark 3.7] 

1. a bundle map d : E^i — > Eq; 

2. An A-connection V on the complex {£,d). More precisely, there are ^-connections 
on E^i and Eq, which we denote by V^^^ and V'^" respectively, such that they are 
compatible with d: d o V^"^ = o d; 

3. a 2-form w G 0,'^ {A,End{Eo, E^i)) satisfying 

= UJ O d, R^Eo = d o UJ, 

and d\/u = 0, where iiy is the curvature. 
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In term of components, Z? = 9 + V + As we stated in Section 12.21 there is an induced 
representation up to homotopy D* on the shifted dual complex f*[l] given by D* = d* + 
V* — u*. Let {A{£*[1]),D) be the corresponding representation up to homotopy on the 
exterior algebra A(f *[1]). By Lemma l3.H we obtain a Lie 2-algebroid structure on A(B £■ 
We call this Lie 2-algebroid the semidirect product of the Lie algebroid A with its 
representation up to homotopy {£,D), and denote it by ^ x £. We will give a more 
conceptual explanation in Section |H where semidirect product corresponds to an extension 
with trivial extension class in H'^{A,£). 

The corresponding Chevalley-Eilenberg complex C{A t< £) is 

C°°(M) T{{A e EoT) TiA^iA e ^o)*) e T{E*_^) 

t{a\a e ^o)*) e r((^ e EoT) t{e*_^) ^ ■ • • , 

where Eq is of degree 1 and E'* ^ is of degree 2. 

Now we make the brackets and anchor of the semidirect product more explicit. 

Proposition 3.2 Given a 2-term representation up to homotopy {£ : E^i — ^ Eq^V^uj) of 
A, the semidirect product Lie 2-algebroid structure on the graded vector bundle [A(BEo](BE-i 
is given by 

p{X + u) = pa{X) (19) 
l^{m) = dm, (20) 
l2{X + u,Y + v) = [X,Y]a + Vxv-Vyu, (21) 
l2{X + u,m) = Vxm, (22) 
h{X + u,Y + v,Z + w) = uj{X,Y){w)+c.p., (23) 

for any X,Y,Z eT{A), u,v,w ^T{Eq), m&T{E^i). 

Proof. Let D,D*,D denote the same things as the above discussion. Now we apply the 
equations in ([6]) repetitively. For any / G C°°{M), we have 

Dif) = p*{df)=dAf, 

which implies that 

p{X + u) = pa{X). 
Similarly, for any £ ^i^o)^ ^ -^-i' '^^ have 

{D*{^o),m) = {d*{^o),m) = {(o,-dm). 
On the other hand, we have 

{D*{^o),m) = (eo,-/i(m)), 

which implies that h = d. 



11 



For any cf) G r{A*) (g) r(£'o), we have D*{(p) = dx7*cf). Thus we have 

D*{ct>)iX,Y,u) = {{d^,<p){X,Y),u) 

= {V*xHY),u) - {V*ycl){X),u) - mx, Y]a), u) 

= p{X) {(!>{¥), u) - {^{Y),Vxu) - p{Y) {<P{X),u) + {4>{X), Vyu) 

-mx,Y]A),u) 

On the other hand, by the relation among D* and /j and p, we have 

D*mX,Y,u) = p{X)^{Y,u)- p{Y)<p{X,u)-<l,{l2{X,Y),u) 

-(t){YM{x,u)) + <p{XM{y,u)). 

Thus we have 

hiXX) = [X,Y]a, (24) 
h{X,u) = -l2{u,X) = Vxu. (25) 

For any G r(£^^), we have 

{D*{^i),X®m) = {d^.ii{X),m) = {V\ii,m) = p{X) - (6, Vxm) . 

On the other hand, by the relation among D* and li and p, we have 

(D*(6), X m) = p{X) (6, m) - {iiM{X, m)) . 

Thus we have 

l2{X,m)=Vxm. (26) 

Furthermore, we have 

{D*{ii),X ^Y ®u) = {-uj* o^,,X AY®u) = {-u;*{X,Y){^i),u) = {^i,uiX,Y){u)) . 
On the other hand, we have 

{D*{^i),X AY0u) = {^i,h{X, Y, u)) , 

which implies that 

h{X,Y,u)=oj{X,Y){u). 

Thus we have 

k{X + u,Y + v,Z + w) = uj{X, Y){w) + c.p.. (27) 
This finishes the proof. ■ 

Recall from |ACbl Example 3.28] that a Lie algebroid A has a natural coadjoint represen- 
tation up to homotopy on T*M A*. Then any such two connections induce equivalent 
representations and equivalent representations give rise to isomorphic semidirect products. 
When A = TM, we arrive at the representation up to homotopy of TM on T*M ^ T* M, 



12 



that is, a TM-connection V on T*M, and a 2-form u; G ^^(rM, End(r*M, r*M)) satisfy- 
ing 

[Vx, Vy] - V[x,y] = Y), VX, F e r(rM). 
Then by Prop. 13.21 the Lie 2-algebroid structure on TM k {T*M ^ T*M) is given by 



p{X + u) = pa{X) (28) 

h{u) = u, (29) 

l2{X + u,Y + v) = [X,Y]+Vx{v) -Vy{u), (30) 

/2(X + u,m) = Vxim), (31) 

l3(X + M,y + ?;,Z + u;) = u{X,Y){w)+c.p., (32) 



for any X, y, Z € r(rM), u,v,w,m G r(T*M). This is the case most essential to our 
purpose since it is used to construct the Courant algebroid. We exphcitly write down the 
isomorphism between the semidirect products given by two representations up to homotopy 
(V,a;) and (V',a;') of TM. We assume that 

Vx-Vx = B{X) 

for some bundle map B : TM — > Hom(r*M, T*M). Denote by Ai and M.' the corre- 
sponding semidirect product Lie 2-algebroids. Define / = (/o, /i, /2) : M. — > Ai' by 

/o = Id : TM T*M — > TM T*M, 
fi = Id : T*M — > T*M, 
f^{X + C,Y + rj) = B{X){r]) - B{Y){0. 

In the following, we show that (/o, /i, /2) is an isomorphism of Lie 2-algebroids by showing 
that it preserves the anchor and the brackets in an Loo-fashion (see Remark 12. 5p . Notice 
that (/o,/i) is clearly an isomorphism of vector bundle complexes. 

Since /o = Id, the anchor p being the projection to TM is clearly preserved. Moreover, 
we have 

fohiX + C,Y + ri)- I'MX + 0,MY + v)) 
= Vxr? - Vye - (VSf r? - V'ye) 
= B{X){v)-B{Ym 
= f^{X + ^,Y + r]). 

Similarly, we have 

fMx + tv)-i2iMx + 0,Mv)) = /2(X + C,r?). 
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Moreover, we have 

l2ifo{X + 0, h{y + r?, Z + 7)) + c.p. - MhiX + ^,Y + Ti),Z + ^) + c.p] 
= I'^iX + B(y)(7) - B{Z){n)) + c.p. - [/2([X, Y] + VxV - Vy^, ^ + 7) + cp.] 
= ^'x{B{Y){j)-B{Z){n)) + c.p. 

-[5([X,y])(7) + B{Z){VxV - VyO + cp.] 
= -V^VW + VVV';,7 + V|^^y]7 + c.p. 

+VxVy7 - Vy Vx7 - V[x,y]7 + cp. 
= -u'iX, F)(7) + c.p. + [co{X, y)(7) + c.p.] 

= -I'Mx + 0, fo{Y + v),Mz + 7)) + fMx + ^, y + r?, z + 7). 

Thus (/o, /i, 72) is an isomorphism of Lie 2-algebroids. Therefore, if we only care about the 
isomorphism class, we can take the semidirect product TM K {T*M ^ T*M). 

Theorem 3.3 Let £ := E^i (B Eq be a 2-term graded vector bundle over M. Suppose that 
there is a Lie 2-algebroid structure on {A®Eo)®E-i given by a degree 1 homological vector 
field Q, 

c~(M) % T{{A e E^Y) % T{^'^{A e ^o)*) e t{e*_^) 

% T{^^{A © Eo)*) © V{{A © Eo)*) (g) T{E*_^) . 

Then this Lie 2-algebroid structure is the semidirect product AkS if and only if the following 
conditions are satisfied: 

(1) . for any k, the restriction of Q on T^A^A*) is exactly given by dA, i-e. 

<3lr(AM.) = dA : r{A'A*) T{a'+'A*); 

(2) . Q{T{E^)) C T{E*_^) © T{A* E^). 

(3) . Q{r{E*_i)) c T{A* ® E*_i) © r{A^A* ® E*). 

Proof. The semidirect product AikS obviously satisfies the three conditions. 

Conversely, denote by Qo and Qi the components of Q{r{E^)) in r(£'*^) and r{A* (g) 
Eq), since Q is a derivation of degree 1 and Q|r(A'=yl*) = ^a, we obtain that Qq is given 
by a bundle map d* and Qi is given by dy* for some yl-connection Vq on Eq. Similarly, 
the components of Q{E^-^) in T{A* (g) and r(A^A* (g) £^0) are determined by dy* and 
oj* e T{a'^A* (g)End(£^*i,i?o)); where is an ^-connection on E^^. 

Let d : E-i — > Eq be the dual map of d* , Vq and Vi be the dual connection on £^0 
and E^i of Vq and V^, and u G r{A'^A* (g End(£;o, -E-i)) be given by 

a;(X,y)(no)(6) = - (a;*(X, y)(6), uq) . 

Then = implies that D = d + d\/ + u} is a degree 1 operation on Q.{A; E) satisfying 
= and graded derivation rule, i.e. {£, D) is a representation up to homotopy of A. By 
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Leibniz rule, Q is totally determined by D which implies that the Lie 2-algebroid structure 
corresponding to Q is the semidirect product £. ■ 

The symplectic NQ-manifold associated to the standard Courant algebroid TM @T* M 
is r*[2]r[l]M. The symplectic structure is the standard one: dpi A dq^ + d^* A dOi and the 
degree 1 vector field Q is given by 

In the following, we show that for the standard Courant algebroid, the degree 1 vector field 
Q given by (j33p satisfies the conditions given in Theorem 13. 3i 

Theorem 3.4 The standard Courant algebroid T*[2]T[1]M is isomorphic to the semidirect 
product TM x {T*M ^ T*M) as NQ manifolds. 

Proof. By Theorem l3.3[ we only need to show that the vector field Q given by (|33p satisfies 
conditions (l)-(3) listed in Theorem 13.31 For any / G C°°(M), we have 

Q{f) = e^ = df. 

For any ^ = fj^^ € r(r*[l]M), with fj £ C^{M), we have 

Then the fact that Q satisfies Condition (1) in Theorem 13.31 follows from the derivation 
property of Q. 

For any 9 = pOj G r(T[l]M), with G C°°{M), we have 

which implies that Condition (2) in Theorem 13.31 is satisfied. 
Finally for any p = Ppj G r(r*[2]M), we have 

• dp d P ■ 

Thus Condition (3) in Theorem 13.31 is also satisfied. ■ 

Remark 3.5 In local coordinates {q^ ,C ^Pi^(^i)t if we choose a TM-connection V on T*M 
by 

VeA' = 0. (34) 

Then it is flat, i.e. oj = 0. It is straightforward to see that in this case, D = d + d\7-\-uj = 
Id+dv is exactly given by +Pi-^. 
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4 Extension of Lie 2-algebroids 



Now we consider a very specific extension of Lie 2-algebroids in the following form: 



a 



Id 



a 











A, 











A 











(35) 



The exact sequence consists of two exact sequences of vector bundles with all squares 
commutative diagrams of vector bundles over the same base M. Moreover, A is a Lie 
algebroid viewed as the Lie 2-algebroid — > A as in Example ^ E^i ^ Eq IS a Z- 
term complex of vector bundles viewed as an abelian Lie 2-algebroid as in Example 12.71 

A- Aq, p, 12,^3) is a Lie 2-algebroid, and (Id, io) and (0, p) are strict morphisms (see 
Def. 12. 4p over idm between Lie 2-algebroids. Moreover we assume that p admits a global 
splitting. We call this sort of extension a 2-term abelian extension of a Lie algebroid A. 
An isomorphism between 2-term abelian extensions of ^ is a morphism between the two 
corresponding exact sequences (p5|) such that its restriction on A and E, are identities, and 
its restriction on the middle term is an isomorphism of Lie 2-algebroids (not necessarily 
strict, see Def. 12.41 and Remark [23]) . 

Recall that there is a 1-1 correspondence between Lie algebra extensions of a Lie algebra 
g by an abelian Lie algebra and H^{Q,a) (which includes the information of a as a g 
representation). Now we establish a similar correspondence for the abelian extensions of a 
Lie algebroid by a 2-term representation up to homotopy. 

Given an extension ()35p . since p admits a splitting, say a : A Aq, we can write 
^0 = ^ ffi -^0- Since the diagram is commutative, we have that d = + d, p = pA and io 
is the inclusion map, which we usually omit. Define an ^-connection V on the complex £ 
and w : ^^A — > End(Eo,£^_i) by 



Vx(n) 



l2{a{X),u), 

l2{a{X),m), 

Ua{X),a{Y),u), 



for any X,Y G A, u € Eo,m e E^ 



Lemma 4.1 With the above notations, (V,a;) gives a representation up to homotopy of 

a 

the Lie algebroid A on the complex £ : E-i — > Eq. 
Proof. It is not hard to deduce that 

[Vx,Vy](u) - Vix,Y]a'^ 
= l2{aiX)j2{a{Y),u)) -l2ia{Y)M^{X),u)) -l2{a{[X,Y]A),u) 
= i2{a{X),l2{(T{Y),u))-i2{a{Y),l2{(T{X),u)) 

-h {12 (fT(X) , a (y ) ) , n) + /2 (C2 (X, y ) , n) . 
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Thus we have 

[Vx, Vy](n) - V^x,YUU = dh{a{X),a{Y),u) = d{uj{X,Y){u)). 
Similarly, we have 

[V x,VY]{m) -V^xxurn = h{a{X),a{Y),dm) = io{X,Y){dm). 
By definition, we have 

[Vx,io{Y,Z)]{u) = Vxi^{Y,Z){u)-io{Y,Z){Vxu) 

= h{a{X)M<y{y).<Z),u))-h{a{Y),cj{Z)M<y{X).u)), 
u{[X,Y\a,Z){u) = k{a{[X,Y]A),a{Z),u) 

= k{i2{a{X),a{Y)) - C2{X,Y),a{Z),u) 

= k{l2{aiX),a{Y)),a{Z),u). 

Since we have 

i2{i3{(T{X),a{Y),a{Z)),u)=0, 
by the Jacobiator identity of I3, we deduce that 

[Vx,uj(Y, Z)]{u) + c.p. - {uj{[X, Y]a, Z){u) + c.p.) 
= l2{aiX)MaiY),a{Z),u)) - h{i2iaiX),a{Y)),a{Z),u) + c.p. 
= 0, 

which implies that (V,a;) is a representation up to homotopy of A on E-i — ^ Eq. ■ 

Now we recall how to define the cohomology H*(A, £) for a 2-term representation up to 
homotopy {£ = E^i ® Eq,D) of a Lie algebroid A. Such a representation up to homotopy 
gives us a complex: 

E^i A So e Hom(A, S_i) A Hom(^, Eq) Y^olT^{^^ A, E^i) A 

(36) 

Hom(A2^, Eq) e Hom(A3A, E_i) A Hom(A3yl, Eq) Hom(A^^, E_i) ■ ■ ■ , 

where Hom(A'^A, Ei) := T{a''A* Ei). We write D = d + d\7 + uj according to Prop. 12.91 
Then for any /c-cochain (^1,^2) € Hom(A^^, -Eq) Hom(A*'+^yl, we have 

D{wi,vj2) = {dyrui + {-l)''+^d o W2, d^W2 + o zui). (37) 

This complex eventually gives us the cohomology H*{A, 8) with coefficient in the represen- 
tation up to homotopy £. 

In particular, for a 2-cochain (c2, C3) G Hom(A^A, Vq) Hom(A^A, K_i), we have 

-D(c2, C3) = {dyC2 - 9 o C3) + (fives - a; o C2) € Hom(A^^, Vb) Hom(A*^^, y_i). 

Thus (02,03) is a 2-cocycle means that 

d\/C2 — 9 o C3 = 0, (ivC3 — w o C2 = 0. 
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Now for our extension, we define C2 G Hom(A^A, £"0) and C3 € Hom(A'^A, E^i) by 
C2(X, y) = f2(cT(X), a{Y)) - a{[X, Y]a), cs^X, Y, Z) = k{a{X),a(Y),a{Z)). 

Transfer the Lie 2-algebroid structure (j4_i ii-J^ Aq, p,l2,h) to the complex E^i ^~^^> 
A © Eq, we obtain a Lie 2-algebroid {E^i ^~^^> A © £'0, p, I2, h), where 

p{X + u) = pa{X), 

l2{X + u,Y + v) = [X, Y]a + Vxv - Vyu + C2(X, Y), ^^^^ 
hiX + u,m) = Vx'm, 
h{X + u,Y + v,Z + w) = C3(X, y, Z) + uj{X, Y){w) + u{Y, Z){u) + X){v). 

Then we have, 

Lemma 4.2 With the above notation, (02,03) is a 2-cocycle of the Lie algebroid A with 
coefficient the representation up to homotopy {E^i £o;V,w) (see the complex (I36p ). 
Conversely, given a 2-term representation up to homotopy (£-1 — ^ EqjS/jUj) of A and a 
2-cocycle (02,03) E Hom(A^A, £9) ffiHom(A'^A, £_!), define p,l2,h by (p8|) . i/ien we obtain 
a Lie 2-algebroid 

^X(C2,C3)^:= (£-1 ^^©£o,P,^2,^3) 



which is a 2-term abelian extension of A and fits inside (|35p . 
Proof. On one hand, by direct computations, we have 

hiZ + w, hiX + u,Y + v)) + c.p. 
= l2{Z + w, [X, Y]a + Vxv - Vyu + C2{X, Y)) + c.p. 
= -'^[x,y]aW + ^z^xv - Vz^YU + VzC2{X, Y) 

+02 (Z, [X,Y]a) + c.p. 
= d^C2{X,Y,Z) + d{uj{X,Y){w) + uj{Y,Z){u) + u{Z,X){v)). 

On the other hand, we have 

hiZ + w,l2{X + u,Y + v)) + c.p. 
= dh{Z + w,X + u,Y + v) 

= dcsiX, Y, Z) + d{uj{X, Y){w) + uj{Y, Z){u) + u{Z, X){v)). 

Thus we have 

dvC2 - 9c3 = 0. (39) 

By d?]), we have 

hiX + n, /3(y + v,Z + w,P + x)) + c.p. = kihiX + u,Y + v),Z + w,P + x) + c.p., 
which implies that 

Vx03(y, Z, P) + VxHY, Z){x) + uj{Z, P){v) + uj{P, Y){w)) + c.p. 
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is equal to 

C3([X, Y]a, Z, P) + UJ{Z, P)C2{X, Y) + L0{Z, P){Vxv - Vyu) 

+Lo{[X, Y]a, Z){x) + u{P, [X, Y]a){w) + c.p.. 

By the fact that (V,a;) is a representation up to homotopy, we deduce that 

dvcs — uj o C2 = 0. (40) 

By ([39]) and ()iO]) . we deduce that (02,03) is a 2-cocycIe. It is straightforward to check the 
converse part. ■ 

Denote by S2 ■ T{E^) — > T{a'^A*) and 63 : T{E*_-^) — > T{A^A*) the dual of cs and C3 
respectively, i.e. 

c~2(0(X,y) = -e(c2(X,y)), os{a){X,Y,Z) = a{cs{X,Y,Z)), (41) 

for any ^ € T{EQ),a € T{E'i-^^) and X,Y,Z € ^{A). We denote their graded derivation 
extension on C{A(B £) using the same notation (see (j42|) ). Then, we have 

Proposition 4.3 The Chev alley- Eilenherg complex C{A®8) associated to AiX(c2,c3)^^ with 
the Lie 2-algebroid structure (j38|) is given by 

c^{M) A r((^ e ^o)*) A T{A^{A e ^o)*) e t{e*_^) 

(42) 

A T{N^{A e EqY) e t{{a e ^o)*) ® ^{eu) A • • • , 

in which T{Eq) is of degree 1 and T{E*_^) is of degree 2, and D is given by 

D = D + 52 + C3, 

with {A{£*[1]),D) the induced representation up to homotopy on the exterior algebra. 
Proof. For any ^ G r{E^) and X,Y e r{A), we have 

5(0(x,y) = {c,-i2{x,Y)) = (C,-C2(x,y)), 

which implies that 

D{0{X,Y) = £2{0{X,Y). 
Similarly, for any k, G -E!Lx, we have 

D{k){X,Y,Z) = {K,k{X,Y,Z)) = {k,C3{X,Y,Z)). 

Thus we have 

D{k){X,Y,Z) = C3{k){X,Y,Z). 

Therefore, we have 

D = D + 82 + C3. 

Since D is given by a Lie 2-algebroid structure, it must satisfy = 0. ■ 

Give a representation up to homotopy {£, V, w) and a 2-cocycle (c2, C3), by Lemma[121 
we can construct an extension of Lie 2-algebroids A X(c2,c3) ^- We further prove that the 
extension does not depend on the cocycle itself but on its cohomology class in H'^{A,£). 
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Proposition 4.4 If two 2-cocycles (02,03) and {02, o'^) represent the same cohomology class 
in H^{A,£), then the corresponding extensions A X(c2,c3) ^ o^f^d A k^^^ c^) £ are isomorphic. 
Conversely, if extensions AtKf^^^^^^^S and A\k (^^/^^^i^-^S are isomorphic, then (02,03) and (02,03) 
represent the same cohomology class provided d : E-i — > Eq is injective or surjective, or 
02 = 0. 

Proof. Assume that 2-cocycles (02,03) and (02,03) represent the same cohomology, then 
we have (02,03) = (02, 03) + £'(ei, 02), for some (01,02) G Hom(A, i?o) © Hom(A^^, E'-i), 
more precisely, 

C2 = 02 + dyoi + 902, 03 = 03 + dve2 + w o ei. 
Define (/o, /i) : A X(c2,c3) £ — > ^ ^(4,4) ^ t>y 

fo{X + u) = X + u + ei{X), 
fi{m) = m, 

and define /2 : a'^{A © Eq) — > E^i by 

f2{X + u,Y + v) = e2{X,Y). 

It is clear that (/o,/i) is an isomorphism of complexes of vector bundles. Thus we only 
need to show that (/o,/i,/2) preserves the anchor and the brackets in an Loo-fashion (see 
Remark I2.5p . First we have 

p{X + u)= pa{X) = p'{X + n + ei(X)) = p'(/o(X + u)), 

which implies that /o preserves the anchor. Moreover, we have 

/^(/o(X + n),/o(y + t;)) 
= 1'2{X + u + ei{X),Y + v + ei{Y)) 

= [X,Y]a + Vx{v) - Vy{u) + Vx{ei{Y)) - Vy(ei(X)) + o'2(X,y), 

and 

fMX + u,Y + v) = [X, Y]a + Vx{v) - Vy(n) + ei([X, Y]a) + 02(X, Y). 
Thus we have 

fMX + u,Y + v)-l'2{fo{X + u),fo{Y + v)) = -dvei(X,y) + (o2-o'2)(X,y) 

= de2{X,Y) 
= df2{X + u,Y + v). 

Similarly, we have 

fMX + u,m)-l'2iMX + u),fi(m)) = Vx{m) -Vx{m) = 

= f2{X + u,dm). 
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By a computation, we have 



I'MX + u), f2{Y + v,Z + w)) + c.p. - {f2{l2{X + u,Y + v),Z + w) + c.p.) 
= I'^iX + u + ei{X),e2{Y,Z)) + c.p. 

-(/2([X, Y]a + Vx{v) - Vy(u) + C2(X, Y), Z + w) + c.p.) 
= Vxe2{Y,Z) - c.p. - {e2{[X,Y]A,Z) + c.p.) 
= d^e2{X,Y,Z). 

On the other hand, we have 

fMX + u,Y + v,Z + w)- UUX + n), /o(y + v), h{Z + w)) 
= C3(X, y, Z) - c'3(X, y, Z) - y)(ei(Z)) + c.p.) 

= dye2{X,Y,Z). 

Thus (/o,/i,/2) is an isomorphism from the Lie 2-algebroid A X(c2,c3) S to A X(c'2,c^,) ^• 
Furthermore, it is obvious that the corresponding extensions are also isomorphic. 

Conversely, given two 2-cocycles (02,03) and (02,03), let (/o,/i,/2) be an isomorphism 
of the resulting extensions, we can assume that 

fo{X + u) = X + ei{X) + u, h{m)=m, 

for some ei G Hom(yl,£^o)- By computation, we have 

l'2{foiX + u)Jo{Y + v)) 
= [X, Y]a + Vxei(y) + Vxv - Vyei(X) - Vyu + C2{X, Y), 

UhiX + u.Y + v)) 
= [X, Y]a + ei([X, Y]a) + Vxv - Vyu + 02(X, Y). 

By jS]), we obtain 

02(x,y)-o^(x,y) = (dvei)(x,y) + a/2(x,y), (43) 

df2{X,v) = 0. (44) 

Similarly, by Q, we get 

/2(X,5m)=0, VX € r(yl), m G r(E_i). (45) 
Furthermore, we have 

l'^{h{X + u),h{Y + v),UZ + w)) = c'^{X,Y,Z) + {u{X,Y){ci{Z) + w) + c.p), 

h{h{X + u,Y + v,Z + w)) = c:i{X,Y,Z) + [uj{X,Y){w) + c.p). 



Thus, we have 



UUX + u),foiY + v), fo{Z + w)) - MUX + u,Y + v,Z + w)) 

= c',{x, y, z) - 03 (X, y, z) + {uj{x, y)(ei(z)) + c.p.) . 
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On the other hand, we have 

I'MX + u), f2{Y + v,Z + w)) + c.p. - [f2{h{X + u,Y + v),Z + w) + c.p.) 
= dvf2{X,Y,Z) - {f2{c2{X,Y),Z) + c.p.) 

+^x{My, W) + f2{v, Z) + f2{v, W)) + C.p. 

-f2{[X, Y]a + C2{X, Y),w)+ c.p. - f2{Vxv - Vyu, Z + w) + c.p. 

Thus is equivalent to 

(c3-4)(X,y,Z) = dyf2{X,Y, Z) + co{X,Y){ei{Z)) - f2{c2{X,Y), Z) + c.p., (46) 
'^xf2{v,w) = f2{'^xv,w) + f2{v,Vxw) (47) 

and 

Vxf2{Y, W) + VYf2{w, X) = f2{[X, Y]a + C2{X, Y),W) - f2{VYW, X) + f2{Vxw, Y). (48) 
By ()44p and (j45p . if d is injective, or surjective, we have 

f2{X,u)=Q, VXGr(A), nGr(^o), 

which imphes that 

/2(c2(X,y),Z)+C.p. =0. 

Thus, if d is injective, or surjective, or C2 = 0, define 62 € r(Hom(A^j4, ii^_i)) by 
e2{X,Y) = f2{X,Y). By (03]) and ([MD, we have 

(C2,C3) = (C2,C3) + D{ei,e2). 

Therefore, (02,03) and (02,03) are in the same cohomology class. ■ 

Thus with Lemma 14.11 Lemma 14.21 Prop. 14.31 and Prop. 14.41 we have the following 
conclusion 

Theorem 4.5 Given a Lie algebroid A and its 2-term representation up to homotopy 8, the 
isomorphism classes of the abelian extensions of A by £ are classified by H'^{A,£) provided 
that d : E^i — > Eq is injective or surjective. 

Remark 4.6 Unlike in the classical case, we do not have a full classification result essen- 
tially because f2 controls the deficiency of bracket-preserving only through d. It is the case 
even if the representation is trivial, namely in the central extension case. Unfortunately, it 
is not easy to come up with a counter example neither, because f2 needs to satisfy (j47p and 
(I48[l . In fact. Loo-algebras and (non-strict) Loo-morphisms do not form a model category 
and do not have desired limits and colimits. This is probably the reason where the proof 
breaks down when immitating the classical on^. 

We call the element in H'^{A,£) corresponding to an extension, the extension class of this 
extension. When the extension class is 0, the extension is given by the semidirect product 
in the last section. Thus we also have 

''Private talk to Bruno Vallette. 
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Theorem 4.7 Given a Lie algebroid A and its 2-term representation up to homotopy £, 
an ahelian extension of A by £ is isomorphic to the semidirect product A^x £ if and only if 
its extension class in H'^{A,£) is trivial. 

Similarly to Theorem 13. 3^ we have 

Theorem 4.8 Let £ = E^i ® Eq he a 2-term graded vector bundle over M and A he a 
Lie algehroid over M . Suppose that there is a Lie 2-algehroid structure on {A © £"0) © E^i 
given by a degree 1 homological vector field Q, 

c^{M) % r{{A © EoY) ^ r{A\A © EoY) © r(£* 1) 
% r{A^{A © EoY) © r{{A © EoY) © r{E*_^) . 

Then this Lie 2-algehroid is the ahelian extension of A with the extension class in H'^{A,£) 
represented hy the cocycle (02,03) if and only if the following conditions are satisfied: 

(1) . for any k, the restriction of Q on r(A'^yl*) is exactly given hy dA, i-s. 

Qlr(AM') = dA : r(A'=^*) r(A'=+i^*). 

(2) . Q{r{E*)) c r{E*_^) © r(^* © e*) © r{A'^A*). 

(3) . Q(r(£* 1)) c r{A* © £* 1) © t{a'^a* © ^0*) © r{A^A*). 

Moreover, we have a twisted version of Theorem 13. 41 (which is in the case of (c2, C3) = 0): 



Proposition 4.9 The exact Courant algehroid T*[2]T[l]M with Severa class [H] £ H^{M,M 
is isomorphic to the extension of TM hy the coadjoint representation up to homotopy 
{T*M ^ T*M,'V ,uj) with the extension class 

(C2,C3) G r{Rom{A'^TM,T* M) ®Rom{A^TM,T* M)) 

given hy 

C2iX,Y) = ixAYH, (49) 
C3(X,y,Z) = d^C2iX,Y,Z) = VxC2{Y,Z) + c.p.-ic2i[X,Y],Z) + c.p.). (50) 

Proof. The extension Lie 2-algebroid structure is given by 



;3(x + ^,y + ??,z + 7) 



[X,Y] + Vxr]-^Yi + ixAYH, 

dyc2{x, y, z) + w(x, y)(7) + c.p. 



It fits into the following exact sequence of Lie 2-algebroids, 











^ T*M 

Id 



T*M 

O+Id 



> 











(51) 



T*M 



TM®T*M 



TM 



0. 
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To see that it is isomorphic to the exact Courant algebroid with Severa class [H], we only 
need to show that in local coordinates, their degree 1 homological vector field are same. 
Take the same local coordinates as in Section 12.31 and choose the connection given by ()34p . 
By remark [3. 5 1 we only need to show that in these coordinates, 



6 dql dpi 6^^'^'^^^^^ d9k' 



where C2 and C3 are given by (jl9|) and ([50]) respectively. In fact, by (j^T]) . we have 



thus by (jlT]) . we have 



S2i9k)ieue,) = -ek{c2{euej)) = --<Pijk{q), 

which implies that 

1 d 

Now we have that 

C3 = dvC2 = - — — C dq , 



which implies that 

6 dq^ dpi 

This completes the proof. ■ 

However we have the following lemma: 

Lemma 4.10 The cohomology group H^{TM,T*M ^ T*M) = for all k>l. 

Proof. Take a /c-cocycle (cfc,Cfc+i) E Hom(A*=rM, T*M) Hom(A*=+^rM, r*M). Then 
-D(cfc,Cfc+i) = implies that d^Ck = {-ifck+i- Thus (cfc,Cfc+i) = D{d,{-lYck) is a 
coboundary. ■ 

Thus with Thm. 14.71 Prop. 14.9] and the above lemma, we conclude that, 

Corollary 4.11 The exact Courant algehroidT*\^]T\{\M with Severa class [H] is isomor- 
phic as NQ manifolds to the standard Courant algebroid with Severa class. 

We do have an example of non-trivial extension. 

Example 4.12 (String Lie 2-algebras) A string Lie 2-algebra is a 2-term L^^-algehra 
with = Q a semisimple Lie algebra of compact type, 0_i = M, and 

d = 0, /2((ei,ri), (e2,r2)) = ([ei,e2],0), 
^3((ei,ri), (e2,r2), (e3,r3)) = {0, {[ei, 62], 63) Killing), 
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where ei, 62, 63 G g, ri, r2, £ M. T/ien it fits into the following extension 



Id 







00 = 5 



-> 








0, 



(52) 



with the extension class represented by (0,03) with C3 : A'^g — )■ M groen by 03(61,62,63) = 
([ei, 62], e3)j<-j;;j„g. T/ie class represented by (0,03) is non-zero in ff^(g,M — )■ 0) because the 
class represented by C3 in //^(g,IR) zs known to be non-zero (actually it is the generator of 



5 Integration 

We now integrate an abelian extension of a Lie algebroid j4 by a 2-term representation up to 
homotopy, {8,D), with the extension class represented by a 2-cocycle, (02,63). The general 
idea is that we first integrate the representation up to homotopy {£, D) to a representation 
up to homotopy {£,Fi,F2) of the fundamental Lie groupoid Q of A. Then we integrate 
the extension class (62,63) into a groupoid extension class (C2,C3). Then we use Fi,F2 
and (C2,C3) to construct the extension Lie 2-groupoid and take it as the integration of the 
extension Lie 2-algebroid. Notice that both of the above two integration processes have 
obstruction (see \ASh\ Prop. 5.4], \ASa\ Thm. 4.7]). Here we use this general idea more as 
a guideline to construct the integration object of a Courant algebroid. 

In the case of Courant algebroids, the Lie algebroid A = TM is the tangent bundle. Thus 
the fundamental groupoid Q is the usual fundamental groupoid Ili{M) = M x M /tti{M) ^ 
M, where M is the simply connected cover of M. When M is simply connected, Ili{M) = 
M X M is simply the pair groupoid. Then the representation up to homotopy of TM on 

T*M ^ T*M is the coadjoint representation up to homotopy. By |ACbl Theorem 3.10], 
any such two representations up to homotopy are equivalent. Thus we assume that the 
coadjoint representation of TM integrate to a coadjoint representation up to homotopy 

(r*M ^ r*M,Fi,F2) ofni(M). 

5.1 Preliminaries 

Let Q = {Gi ^ Go) be a Lie groupoid. We denote the space of sequences {gi, ■ ■ ■ ,gk) of 
composable arrows (i.e. t{gi) = s{gi-i)) in Q by Qk- 

Definition 5.1 jACa] A unital 2-term representation up to homotopy of a Lie groupoid 
consists of 

1. A 2-term complex of vector bundles over Gq: E^i — ^ Eq. 

2. A nonassociative representation Fi on Eq and E^i satisfying 

doFi = Fiod, Fi(lG) = Id. 
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3. A smooth map F2 : G2 — > End(Vo,y_i) such that 

Fi{gi) ■ Fi{g2) - Fi{gig2) = [9, ^2(51, <72)], (53) 

as well as 

Fi{gi) oF2(ff2,53) - -^2 (5152,53) + -^2(51,5253) -^^2(51,52) 0^^1(53) = 0. (54) 



Given such a representation up to homotopy {£,Fi,F2), we can also define a complex 
to compute the cohomology H'{Q,£) as in the case of usual representation (see \ASa\ 
Prop.2.9]). Here we recall the formula in our case of 2-term representation: the complex is 

Cig,£r = ®n=k+iC''ig,Ei), where C^^iG, El) = Maps{gk,t*Ei). 

The differential D is given by 

D = d + Fi + F2, 

where given rj G C^{Q^Ei), 

d{rj) = dor], 
Fimgi,--- ,gk+i) = {-lf+'{Fi{gi)r]{g2,--- ,gk+i) 

+ ^i-'^yvigir-- ,gigi+i,--- ,gk+i) + {-'^)''^^^{gi, - ■ ■ ,gk)), 

i=l 

and 



E2{v){gi,--- ,gk+2) = F2{gi,g2){v{g3,- ■ ■ ,5fc+2))- 
term r 

(C2,C3) G C'^{G,Eo) e C^{G,E^i). The cocycle conditions read 



In the case of 2-term representation E^i £^0) 2-cochain is made up by two terms 



Fi{C2) + d o C3 = 0, (55) 
FiiCs) + F2{C2) = 0. (56) 

Throughout in this paper, unless specifically mentioned, all cocycles are normalized, that 
is, 

r]{gi,. . . ,gk) = 0, if one of 51, . . . , 5^ is l^^ for some x G Go . 



5.2 Extensions of Lie groupoids 

First we recall a classical fact: given a representation y of a group G, and a 2-cocycle 
C G G'^{G, V), there is a group extension 

l^V^G^G^l, 

where V is viewed as an abelian group with multiplication the addition of its vector space 
structure. When the 2-cocycle is trivial, G is isomorphic to the semidirect product G t< V. 

We would like to establish a similar theory in the Lie 2-groupoid case and show that 
the integration of Courant algebroid is such an extension Lie 2-groupoid (because Courant 
algebroid itself can be realized as an extension Lie 2-algebroid). 
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The concept of Lie n-groupoid is best and uniformly given via Kan complexes. However, 
to describe a Lie 2-groupoid, there is another method, which is much longer to write down, 
but easier to understand as a comparison with Lie groupoids. A Lie 2-groupoid is a groupoid 
object in the 2-category GpdBibd where the space of objects is only a manifold (but 
not a general Lie groupoid). Here GpdBibd is the 2-category with Lie groupoids as 
objects, Hilsum-Skandalis (HS) bimodules as morphisms, isomorphisms of HS bimodules 
as 2-morphisms. Thus the category of manifolds embeds into this 2-category by viewing a 
manifold M as a trivial groupoid M ^ M which only has identity arrows. The equivalence 
of such two descriptions is given in |Zhu09j . A special sort of Lie 2-groupoid is a groupoid 
object in the 2-category of Gpd with the space of object a manifold, where Gpd is a sub- 
2-category of GpdBibd containing only strict groupoid morphisms as morphisms. We call 
such Lie 2-groupoid semistrict Lie 2-groupoid. Since the Lie 2-groupoid integrating Courant 
algebroid that we construct is an example of semistrict Lie 2-groupoids, we describe this 
concept explicitly below. 

Definition 5.2 A semistrict Lie 2-groupoid consists of: 

• a smooth manifold Gq, which is the set of objects x,y,z, - ■ ■ , 

• a smooth manifold Gi, which is the set of 1-morphisms g,h, - ■ ■ . For a 1-morphism 
g : X — > y, we write a{g) = x, I3{g) = y. For another 1-morphism h : y — > z, we 
write their composition as kg : x — > z. 

• a Lie groupoid S : G2 ^ Gi, where G2 is the set of 2-morphisms (j), (j)' ■ ■ ■ . For any 
2-morphism (j) : g =^ h, where g,h : x — y are 1-morphisms, the source and target 
maps s,t are given by s((/>) = g, t{(j)) = h. The composition in this groupoid is usually 
called vertical multiplication, and denoted by v We require /3s = /3t and as = at. 

• For all objects x,y,z G Gq, there is a Lie groupoid morphism S ^as,Go,IBs9 9, which 
is called horizontal multiplication and denoted by -h, i.e. for <j) : g =^ h : x — > y and 
(j)' : g' h' : y — > z, we have 

-hf/)- g'g ^ h'h: X — > z, 

or, in terms of a diagram. 




h' h h'h 



• for any x G Gq, there is an identity 1-morphism and an identity 2-morphism, which 
we both denote by 1^. 

• a Lie groupoid contravariant morphism inv : S ^ S, 
and the following natural isomorphisms 

• the associator a^g^^g^^g^) : {gi -h 52) -h 53 — > 5i "h (92 'h 53) ■ 
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• the left and right unit Ig : -h 9 — ^ 9 o-nd Vg : g '^oi(g) — ^ ff; 

• the unit and counit ig : — > 9 -h iiiv(gf) and Cg : inv^g) -h g — > ^a(g) 
which are such that the following diagrams commute: 

• the pentagon identity for the associator 



{gi -h 92) -h (53 -h 54) 




r I W °91. 92 -1193.94 // s n 

-h -h 53)) -h 54 > ffl -h ((32 -h -h 54) 

where Q = gi {g2 -h (53 'h 54))- 

• the triangle identity for the left and right unit lows: 

I 1 A ''91.1<.{9i)>92 

\9\ -h -La(gi) j -h 92 ^ 9\ 'h 'h 92} 

51 -h 92 

• the first zig-zag identity; 



(.9 -h mv(3)) -h g "•■i^'-' g (mv(5) -h 5) 




• t/ie second zig-zag identity; 



inv(g) -h (ff -h inv(5)) ■"'(sli^'"''"' (inv(g) -h 5) 'h inv(5) 




For simplicity, we denote a semistrict Lie 2-groupoid by G2 ^ G\ ^ Gq. In the special 
case where 031,32,93) '^gi ^-re all identity isomorphisms, we call such a Lie 2-groupoid 
a strict Lie 2-groupoid. If Go is a point, we obtain the concept of a semistrict Lie 2-group 
[BLnillSZb] . 

For any vector bundle i?, it can be viewed as an abelian Lie groupoid with the source 
and the target both the projection to the base and multiplication the pointwise addition. 
Similarly, we have 
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Example 5.3 Any 2-term complex of vector bundles 8 : E^i — > Eq has an "abelian" 
strict Lie 2-groupoid structure, which we denote by E,. First, we have an action groupoid 
Eq XI E^i ^ Eq where E^i acts on Eq by 

u ■ m = u + dm. 

Furthermore, the pointwise addition of Ei gives horizontal multiplication of the Lie 2- 
groupoid, that is 

(u, m) 'h {v, n) = (m + m + n). (57) 
Moreover inv{u, m) = {—u, —m), Ip = (Op, Op) for a point p on the base. 

An abelian extension of a Lie groupoid Q hy a 2-term representation £ is a short exact 
sequence of Lie 2-groupoids with the left term E, viewed as an abehan Lie 2-groupoid. The 
next step we explain what an exact sequence of Lie 2-groupoid is (but only in our very 
special case)|l. In our special case, all the Lie 2-groupoid morphisms we mention here are 
strict, namely they respect all the structure maps strictly without further 2-morphisms. 
Given a Lie 2-groupoid G, and a Lie groupoid Q with Gq = Gq, a 2-groupoid morphism 
(p, : G, ^ Q with (po = idcg is surjective if (pi is a surjective submersion (then this implies 
that 02 is a surjective submersion). Given another Lie 2-groupoid with Hq = Gq, a 
2-groupoid morphism l, : H, — > G, with lq = idc^ is injective if ii and i2 are embeddings. 
The image im(t,) is naturally defined as the image 2-groupoid under t,. The kernel ker((/),) 
is made up by Go, and the subsets of Gi and G2 which maps to {lx,x ^ Gq] under cj),. Since 
the identity of G, is strict and </)i^2 are surjective submersions, ker((/),) is a Lie 2-groupoid. 

We call the short sequence H, G, Q exact if t, is injective, cj), is surjective, and 
ker ((/),) = im(i,) as Lie 2-groupoids. 

H, ^G2^^Gi 

1 ^H, '-^Gi—^Gi^l. 

Hq = Go — ^ Go = Go ~ — ^ Go 

Even though this definition is very restrictive, it includes the following example, which is 
the most important one for our purpose of integration. We have the following proposition 
which can be viewed as the global version of Lemma 14. 2t (however, we shall not expect 
a classification result as in Thm. 14.71 with our current version of groupoid cohomology 
because even in the case of group this version needs to be refined for the classification 
result to hold. See |WZ] ). 

Proposition 5.4 Given a 2-term representation up to homotopy {£, Fi, F2) of a Lie groupoid 
Q = Gi ^ Gq and a 2-cocycle (G2,G3) E C'^{Q,£), there is a Lie 2-groupoid structure on 

^There should be a more general notation of exact sequence of Lie 2-groupoids using generalized mor- 
phisms allowing higher morphisms. It should include a Kan fibration as an example. On the other hand, 
our definition here is a special case of Kan fibration. 
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Gi Eq E^i ^ Gi Eq ^ Go which is an extension of Q and fits into the exact 
sequence 

Eq -E-i — ^ Gi xgo Eq xgo E^i — ^ Gi 



En 



Gl ^Go Eq 



Gi 



Go 



Lo=idag 



<f>0=idGo 



with natural inclusion l, and natural projection (p,. The Lie 2-groupoid structure of the 
left term is abelian as in Example \5.3[ The Lie 2-groupoid structure of the middle term is 
semistrict and given by the following data: The source map s and target map t are given by 

s{g,^,m) = (g,^), t{g,^,m) = {g,^ + dm), (58) 

and a, (3 (see the second item of Def I5.^|) are given by 

a{g, = a{g), l3{g, = P{g), 

for any (g,^) £ Gi Xgq -Eq. 

The vertical multiplication is given by 

{h, rj, n) -v [g, m) = {g, ^, m + n), where h = g,r] = ^ + dm. 

The horizontal multiplication -h of objects is given by 

(51,0 -h (92,7]) = igi92,C + Fi{gi){v) + C2{gi, g2)), (59) 
the horizontal multiplication of morphisms is given by 

{gi,^,m) -h {g2,V,n) = {gig2,^ + Fi{gi){r]) + C2{gi,g2),m + Fi{gi){n)). (60) 
The associator 

^(91, 0, (92, v), (93,1) • ((^1,0 -h {g2,v)) -h (53,7) — > {gi,0 -h ((52,??) -h (53,7)) 

is given by 

(31 92 3 , C + -'^i (51 ) ('?) + (51 32 ) (7) + <^2 (ff 1 , 32 ) + (72 (ffi 2 , 53 ) , -F2 (gi , 32 ) (7) - C's (ff 1 , 32 , 3 ) ) • (6 1 ) 
The inverse map inv is given by 

inv(5,6 = ig~\-Fiig-'m-C2ig~\g)), (62) 

and 

inv{g,C,m) = {g~-\-Fi{g-^m - C2{g~\g),-Fi{g-^){m)). (63) 

The identity 1-morphisms are (la;,0) and the identity 2-morphisms are (l2;,0,0). 
The unit : (l/3(<;),0) — > {g,C) -h inv(5,^) is given by 

H9,^) = m{9),0,-E2{g,g'^m + C3{g,g-\g)). (64) 
All the other natural isomorphisms are identity isomorphisms. 
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Proof. First we verify the Lie 2-groupoid structure of the middle term. The verification is 
similar to the proof of \SZh\ Thm. 3.7]. By ([58]) . (f59]l and (fGOll . it is straightforward to see 
that 

t{{gi,^,m) ■h{g2,V,n')) = t{gi,^,m) ■Y,t{g2,'n,n), 

and 

{{g,^ + dm,n) -h {g ,r] + dp,q)) ^ {{g,^,m) -h {g',V,P)) 
= {{g,^ + dm,n) -v {g,^,m)) -h {{g',V + dp,q) v {g',V,P))- 

This implies that the multiplication is a groupoid morphism. 
We compute that 

{{gi,0 -h {g2,v)) -h (53,7) 
= {gig2,^ + Fi{gi){r]) + C2{gi,g2)) -h (53,7) 

= (915293, C + Fi{gi){v) + (^2(91,92) + Fi{gig2){j) + ^2(5192, 93)), 

igi,0 -h ((92,??) -h (93,7)) 
= {gi,0 -h (9293, ^ + ^1(92) (7) + ^'2(92, 93)) 
= (919293,^ + ^1 (91) (^ + ^1(92) (7) + ^^2(92, 93)) + (^2(51, 9293))- 

By (i53l) . a defined by (f6TI) is the associator iff 

-^l(9l)C2(92,93) - (^2(9192,93) + ^2(51, 9293) - (^2(91,92) +5C3(c/i,5r2,93) = 0. 

This is exactly (f55]) -one of the conditions of the closedness of (C2, C3). 

The naturality of the associator a is the following commutative diagram: 

{{91,0 -h {92, V)) -h (53,7) ^ (91,0 -h ((92,77) -h (93,7)) 

((9i,C + 3m) -h {g2,V + dn)) -h (33,7 + 5fc) — ^ (gi,C + am) -h {(g2,V + dn) -h (33, 7 + ^A;)) . 
To see that a is a natural isomorphism, we need to show that 

a{gi,^+dm),{g2,v+dn),{g^i,'y+dk) 'h (((9l,C,"^) "h (92,??,^)) -h (93,7,^)) (65) 

is equal to 

((9i,^,"i) -h {ig2,V,n) •h(93,7,fc))) ■haiguO,(g2,v),ig3,-y)- (^6) 
By straightforward computations, we obtain that (j65p is equal to 

(919293, C + -Fi(9i)(»"/) + ^'i(9i92)(7),m + Fi(gi){n) + Fi{gig2){k) + F2(gi, g2){'y + dk) - (73(31,92,93)), 
and ([66]) is equal to 

(919293, C + Fii9i)iv) + -Fi(9i92)(7), n^ + -Fi(9i)(w) + Fi{gi)Fi{g2){k) + i^2(9i, 92)(7) - ^3(91, 92, 93)) • 
Hence dSSD is equal to ([66]) by (f53]) . 



31 



By ([53]) and the fact that -Fi(lx) = Id, we have 

(<7,0-hinv(9,0 = {9,0-h{9-\-Fi{g-'m-C2ig-\g)) 

= {99~\i-Fi[g)F^[g-^m-F,{g)C2{g'\g)+C2{g^g-^)) 

= {lp(^g),-dF2{g,g-'m-Fi{9)C2{9-\9) + C2{9,g~')) 

= (1^(3) , -dF2 {g, g-'m + dCsig, g'^ ,g)). 

The last equahty is due to ([55]) (notice that our cocycles are normaUzed). Thus the unit 
given by ([M]) is indeed a morphism from (l^(g),0) to (5,^) •hinv(g(,^). 
To show the naturahty of the unit, we need to prove 

•hinv(5,^,m)) v =i{g,i+am), 
i.e. the following commutative diagram: 

(l/3{.)'0) 

[g, C + om) -h mv(5r, ^ + dm) ^ [g, 4) -h mv(5f, 4) 

This follows from 

F2{g,g-^)idm) = Fi{g) ■ Fi{g-^){m) - Fi{g ■ g-^){m) = Fi{g) ■ Fi{g-^){m) - m, 

which is a special case of ([53]) . 

Since F{lx) = Id and our cocycle C2 + C3 is normalized, we have 

(1/3(9), 0) -h (5,0 = (5,0, (5,0 -h (la(g),0) = (5,0- 

Hence the left unit and the right unit can also be taken as the identity isomorphisms. 

The counit e^^^g) : inv(5',^) -h {g-,Cj — > (la(g))0) can be taken as the identity morphism 
since we have 

inv(5,0 -h (5,0 = {9-\-Fi{g-^m - C2{g'\g)) -h (5,6 = (la(9),0). 
Lastly, we need to show 

• the pentagon identity for the associator, 

• the triangle identity for the left and right unit laws, 

• the first zig-zag identity, 

• the second zig-zag identity. 

We only give the proof of the pentagon identity, the others can be proved in similar fashions 
and we leave them to the readers. The pentagon identity is equivalent to 

'^(9i.5):(92,r;),(g3,7)-h(94,6') 'v '^(3i,C)-h(92,»?), (93,7), (94,6') = 

((51,0 -h a(g2,r)),{g3,7),(S4,e)) V a(gi,0.(92,r))-h(93,7),(S4,e) -v (a{9i,C),(92,r)),{s3,7) 'h (54,6*)) 
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The condition (j55p implies that these elements can be vertical multiplied. Then by straight- 
forward computations, the left hand side is equal to 



[91929394,^ + Fi{gi)(ri) + fi(ffi52)(7) + Fi{gig29z){d) + 02(91,92) + (^2(5132,53) + €2(919293,94,), 

F2(9i92,93)(&) + F2(9i, 92){l + Fi(g:i)(e) + €2(93, 94)) - 03(9192,93,94) - €3(91, 92, 9394)^ , 

and the right hand side is equal to 

{91929394,5,+ Fi{gi)(ri) + Fi(gig2)(i) + Fi(gig2g3)(0) + (72(51,32) +€2(9192,93) + 02(919293,94), 
F2(9i,92)(l) + F2(gi,g2g3)(0) + Fi(gi) o F2(g2,93)(d) - Fi(gi)03(g2, 93, 94) 
-03(91,9293,94) ~ 03(91,92,93)^- 



By (|Mj) and (j56|) . they are equal. 

Finally, it is not hard to verify that the natural inclusion l, is injective and the natural 
projection of 0, is surjective. Moreover, ker((/),) = im(i,) = £",. Thus we indeed obtain an 
extension. ■ 

Remark 5.5 We remark here how to go hack from G to a Lie 2-algehroid. The systemat- 
ical way to differentiate a Lie n-groupoid to an NQ manifold is described in tSeva ^ in the 



language of graded manifolds. Here we only describe briefly the differentiation inspired by 
this work (using explicit words in usual differential geometry), and postpone the detailed 
calculation to future studies. 

Recall the differentiation of a Lie groupoid t, s : Hi ^ Hq to a Lie algebroid. The Lie 
algebroid is kerTslji/p containing tangent vectors of Hi on Hq vanishing along the source 
map. Similarly, we obtain a graded vector bundle 

kerTalco ekerTs|Go[l] = ^o) e 

where A is the Lie algebroid of G. Now we explain how to obtain the Lie 2-algebroid 
structure (j38|) on this graded vector bundle. The anchor p of the Lie 2-algebroid is induced 
by the anchor of A. 

We notice that the formula for the horizontal multiplication (j59p is exactly the same 
as the formula for a usual extension of groupoid by a representation and a 2-cocycle. It 
implies the second formula of (jSSp . Moreover, we notice that there is an ( nonassociative ) 
action of Gi ® Eq on E^i given by the horizontal multiplication: 

{g,0 ■ ■= prE.i{{g,^,0) -h (1^(3), 0,m)) = Fi{g){m). 

This implies the third formula of ()38p . The term I3 is more difficult to explain, but at least 
in our case of Courant algebroids, it is determined by I2 since d : -+ Eq is injective. 



5.3 Application to Integration of Courant algebroids 

Now we are ready to integrate the Courant algebroid TM © T*M with Severa class [H]. 
The integrating Lie 2-groupoid is simply the extension Lie 2-groupoid of Ili{M) by its 

representation up to homotopy T*M T*M and the integrating 2-cocycle {C2,Cs) of 
(C21C3) coming from H. More explicitly, the Lie 2-groupoid is modeled on the action Lie 
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groupoid (ni(M) x mT*M) x mT*M ^ Yii{M) x mT*M with T*M acts on ni(M) x mT*M 
by addition on T*M. The structure maps are given as in Prop. 15.41 

We now give a description in Kan complex using the correspondence in |Zhu09] . The 
0-th level Xq = M is simply the base of the Courant algebroid. The first level is 

Xi = Ui{M) Xt,MT*Mi=Gi), 

with di = (3 and do = a and sq the natural embedding M — )• ni(M) x^^mT* M . The second 
level is 

^2 = (ni(M) Xt^A/,s ni(M)) Xjop,,^xtoprrXtopr;,Mx3 r*M^ , 

such that for a typical element (701, 7i2, '^xq, '^xi, "i^.,,) G X2, 
<io(7oi,7i2,^xo,?xi,w-xo) = (712, Cxi), 

^1(701,712,^0:0,^x1,^1:0) = (701712, Cxo +^2(701,712) + i^l(70l)(Ca;i) +«C?("l2,o)), 
^2 (701 , 712 , ^xo , , "Ixo ) = (701 , CxQ ) • 

Then in general X is determined by the first three levels, 

X = coshsk3iA[3,0]{X),X2,Xi,Xo). 

That is Xn is a fibre product made up by X2's, Xis and Xq's. In fact, in this case, since the 
differential from T*M to T*M is an isomorphism, X2 is totally determined by its images 
under do, di and ^2- More explicitly there is a simplicial manifold Y, with 

Yn=Ui{Myx ,n+isT*M''^2 ) 

={(70,1,71,2, • • . ,7n-i,n; • --C'^, ■ ■ ■) ■■ < i < 3 < "-,7v+i G ni(M) is represented by 
a path from Xj to Xj+i, and ^^'^ G T*.M.} 

One should imagine each element as the dimensional- 1-skeleton of a n-polygon in M with 
each edge attached with a cotangent vector at the end. The face and degeneracy maps are 
naturally given by 

c^fc (70, 1,71,2, • • • ,7n-i,n; • • • C"^, ...) = (... ,jk~i,k ■ ik,k+i, ■ ■ ■ • • • ), 

Sfe(70,l,7l,2, • • • ,7n-l,n; • • • C'^ , ...) = (... ,7A;-l,fc, , 7A:,fe+l , • • ), 

with f 'J' = f 'J' for i < 3 <k, = 0, f = f "iJ-i for A: < i < j, f 'J' = f '^"^ for 

i < ^ ^ j — 1- Since y, is determined by its 1-skeleton, it is clearly a Lie 2-groupoid. 
Moreover, regardless of the cocycle (C2,C3), we have X, = Y, as a simplicial manifolds 
since both are determined by their 1-skeleton and X2 = l2- If we take a local neighborhood 
of Yq = Af in y„, we arrive at the local Lie 2-groupoid TM in LBS , which differentiates 
to the standard Courant algebroid (T*[2]T[1]M, [H]). Thus we have 

Theorem 5.6 A standard Courant algebroid (T*[2]r[l]M, [H]) integrates to the semidirect 

product Lie 2-groupoid ofIli{M) with its coadjoint representation up to homotopy T*M ^ 
T*M, regardless of the Severa class [H]. 
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Remark 5.7 (Comparation with other works) The authors in \LBS ^ also construct a 



global version using the pair groupoid rather than the fundamental groupoid as we do in our 
approach. But there is no fundamental difference. This global Lie 2-groupoid built upon 
the pair groupoid is also the integration object of Mehta and Tang JMT\ (1.3)]. We choose 
the fundamental groupoid in hope that we would achieve a more universal object, possibly 
with a universal symplectic structure. However, it seems that we need to go further (to 
"fundamental 2-groupoid") to achieve this universal object, since our current object is not 
source 2-connected. We postpone the investigation of this question to future works. 
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